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Abstract-An analysis is presented for the exact solution to the problem of thermal-entry-region heat 
transfer in a circular tube with an arbitrary circumferential wall heat flux, including the effect of axial fluid 
conduction. The solution is expressed in a power series form ; the first 12 eigenvalues and eigenfunctions were 
obtained numerically. The least squares method was employed to determine the series expansion coefficients 
for the non-orthogonal system. A simple result is given for heat flux variation in the form 4 = rfav(l +COSX$) 
which illustrates the simu~t~eous influence of circumferential wall heat flux variation and axial fluid 

conduction on wall tem~rature and Nusselt number. 

NOMENCLATURE 

a,,, 4,, Fourier coefficients ; 

ano, anpT np, b expansion coefficients; 

defined as (inO = 4nao, (inp = f+,; 

heat flux parameter for the special 
example; 
error between the function and its 
power series expansion; 
heat-transfer coefficients; 
integer parameter ; 
arbitrary variation of circumferential 
wail heat flux ; 
defined by equation (3d); 
eigenfunctions of the characteristic 
equation (12); 
radial coordinate ; 
pipe radius ; 
local fluid tem~rature; 
average f&id velocity; 
axial coordinate, distance from pipe 
entrance. 

Greek symbols 

thermal diffusivity; 
local dimensionless fluid temperature; 
dimensionless entrance region 
temperature; 
asymptotic dimensionless fluid 
temperature ; 
defined by equation (14); 
eigenvalues of the characteristic 
equation (12); 
angular coordinate [rad] ; 
weighting function. 

Dimensionless parameters 

Nu(x’, $), local Nusselt number; 

Pe, 
Pr, 
Re, 
+ r , + 
h f 

Subscripts 

av, 

./4 
W, 

&, 

Peciet number ; 
Prandtl number ; 
Reynolds number ; 
radial coordinate defined by (3~); 
axial position defined by (3b); 
local fluid temperature defined by (3a). 

refers to average value ; 
refers to axial direction ; 
evaluated far from the entrance; 
evaluated at wall condition ; 
evaluated at the tube entrance. 

I. INTRODUCTION 

RELATIVELY few papers appear in the literature dealing 
with Iaminar or turbulent heat transfer in a circular 
tube with variable circumferential wall heat flux or 
wall temperature [l-6] and none include the effect of 
axial fluid conduction. 

The objective of the present work is to sdlve 
analytically the problem of heat transfer in a circular 
tube with an arbitrary circumferential wall heat flux 
for the case of a parabolic velocity profile with 
developing temperature profile including the effect of 
axial fluid conduction. 

Heretofore, no general method has been available 
for obtaining a solution to this problem. Analytical 
results have been achieved in such generality and 
completeness that many of the previously-reported 
solutions in the heat-transfer literature for laminar 
tube flow are limiting cases of the present work. 
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The solution is expanded in a power series form that 
accounts for any arbitrary variation in heat flux 
around the circumference that can be expressed in 
terms of a Fourier expansion. Substitution of this 

series into the energy equation leads to an eigenvalue 
problem ; the first 12 eigenvalues and corresponding 
eigenfunctions are obtained numerically. The resulting 
eigenfunctions are not orthogonal thus the power 
series expansion coefficients cannot be obtained by 

usual analytical schemes. A least squares method was 
employed to determine these coefficients. 

2. FORMULATION OF PROBLEM 

The problem to be treated is represented schemati- 
cally in Fig. 1. We consider a steady, hydrodynamically 
developed, laminar, non-dissipative* viscous flow, of a 

conducting fluid with constant properties, flowing in a 
circular tube. The wall heat flux varies circumferen- 

tially according to the general function, q(g), which is 
expressed in terms of a Fourier expansion. 

FIG. I. Physical model and coordinate system 

The applicable form of the energy equation and 
boundary conditions are as follows : 

r(o, r, 4) = 4 

f( x. r, qb) = tJd 

c’t 
k---(x, ro. 4) = q($) 

(7.x 

f(.~. 0. 4) = finite 

t(s, r, 4) = /(.u, r, 4 + 2n) 

$( x, r, c$) = %(x. r, 4+27r). 
34 

Pa) 

(2b) 

PC) 

(2d) 

(2e) 

(2f) 

These equations are modified by introducing the 
following dimensionless variables 

t - rt. fj- 
q2r,/rrk 

xjro 
x+ =~~ 

Re Pr 
(3b) 

r+ =’ 
r0 

(3c) 

*This may be included and can be eliminated by a linear 
transformation of temperature [lo]. 

where 

I. Zn 
11 = 

! 
” y(tiJ)d4 (3d I 

with the requirement that q # 0. Performing the 
necessary transformation we obtain the following 
forms for the energy equation and boundary con- 
ditions. 

I r:‘o 

+ (6 Pr)’ F-x-’ ’ 
(4) 

fl(O, r 

fW r+. 4) 

Gal 

(5b) 

(5c) 

H(_u+, 0, 4) = finite 

fQx+, r+, 4) = 0(x’, r+, &+2n) 

(5d) 

(5e) 

$(x+,r+, 4) = gi(~Y+, r+, fj+27t). (5f) 

We seek an exact solution, H(.Y’, r+, &), satisfying 
equation (4) and the associated boundary conditions 
given by equations (5aaf). By experience with heat- 
conduction problems of similar form, a solution is 

sought of the form 

0(.x+, r+, 4) = fl,,,(x+, r*, &+H+(s+, r+, 4) (6) 

in which Hf,,(.~+,rf, 4) is the asymptotic solution 
obtained far downstream where the temperature pro- 
file is fully developed, and B+ is the entry region 

solution. 
Combining equations (4))(6) and noting that for 

the case of a fully-developed temperature profile 
?@,,/?x+ = constant, we obtain differential equations 

and boundary conditions for the two regions as 
follows : 

Ol.J_~+, 0, f$) = finite 

O,,(Y+. rl, (b) = fIld(r+,r+. 4+27r) 

F%+ I a+ 1 ii20+ 
-+r+dr+-+- 
&+’ 

----(l-r 
j.+2 p$fj2 

1 PO+ 

(Re Pr)’ cix+’ 
@a) 

O’(0. r+, 4) = -old@, r ‘, $1 (8b) 

0+(x, r+, 4) = 0 (8c) 

N+(x+. 0. d) = finite (Xd) 

Ua) 

Vb) 

(7c) 

(7d) 

(7e) 



@e) 
The coefficients a,,, unp, and b,, are now determined 

by expanding the functions of r+ appearing on the 

right hand side of equation (13) in terms of the non- 

orthogonal eigenfunctions of the characteristic equa- 

tion (12). 20+ 
a&(X+, r +,$)=g(x+,r+,#+*n) (8g) 

3. DISCUSSION OF SOLUTION 

Equations (7) are satisfied by a solution of the form 

@Sd(x+, r+, 

r+2 r+4 

b)= ++.Y+ +4-Z 

cc 

+ C r+n (a, cos C#I + 6, sin n4) 

where the coefficients, u, and b,, may be determined 
from boundary condition (7b) with the usual Fourier 
analysis: 

In place of satisfying equation (15) at n points, it is 

r+, q5)r+ dr+ d4 (9) often preferable to require that y(r’) and g(r+) agree 
as well as possible over a domain D of greater extent. 
This method involves the minimization of the integral 

of the square of the error in D. More generally, it is 
required that the squared error be multiplied by the 

weight function, o$r+), and that the product meets the 
condition 

The integral appearing in equation (9) is the non- 
vanishing axial conduction term at the tube entrance. 
The need to include this term was discussed by Pirkle 

and Sigillito [7,8]. 
Equations (8) applying to the entry region, are 

satisfied by 

0+(x+, r+, 4) = fj f e-irkX+R,,(r+) 

n=1p=o 

x [a,, cos ~4 + b,, sin ~$1 (11) 

where &, and R,, are the eigenvalues and eigenfun- 
ctions determined from 

zz 0 

with 

R,,(O) = finite ; $qq=o 

Coefficients unp and b,, in equation (11) are obtained 
using condition (8b) together with Fourier. analysis in 
the variable 4. The expressions which result are 

R,,(r+) + s 
s 

1 

RnO(r+)r+ dr+ = 
0 I 

- j $&+, 4)W (134 

R,,(r+) = ~jozn~~~‘, 4){zrF-$S)dd (13b) 

with p = 1,2,3,. and 

&&-~+; 

- f r+“(u,cosn$+b,sinn~). (14) 

Of particular practical interest are the values of wall 
temperature and of the local Nusselt member. The wall 
temperature is obtained by evaluating the complete 
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We now express equations (13a, b) in the general 
form 

g(r+) = i anRn(rf) 2 y(r+) 
II=1 

(15) 

where g(r+) represents the integrals involving ard 

appearing on the right side of equations (13a, b), 
expressed in terms of a finite series of N terms, 

symbolized as y(r’). 

1 

Eta,, a2,. , aN) = 

I I 
dr+ 1 dr+ 1 

0 

-“i I2 

unRn(r+) dr+ = minimum. 

Minimizing with respect to each coefficient a,, in- 
terchanging the order of differentiation and in- 
tegration, and expanding we obtain 

j, an j: 
w(r’)R,(r+)R,(r+) dr+ 

= 
j 

1 
o.++)g(r+)R,(r+)dr+ n = 1,2,. ., N. (16) 

0 

For any arbitrary variation of circumferential wall 
heat flux, g(r+) is known. We choose co(r+) = rf(l 
-r+‘), the weighting function when axial conduction 
is absent. Finally, the simultaneous equations are 
solved numerically to obtain the expansion coef- 
ficients. 

At this point the complete solution is obtained by 
adding the fully-developed solution, equation (9), to 
the solution for the thermal entrance region, equation 

(11). 
The mean fluid temperature over a given cross 

section may be determined by usual procedures, the 
expression which results is 

Qmean(x+) = x+ +&{ $j [l-e- L ] 
t,= 1 

I s 1 

a,0 A?0 RnO(r+)rf dr+ 17) 
0 
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solution at r+ = 1 yielding 

+ “$, pci e-.j~~@+ R,,( 1) 

x [a,,cosp@+h,,sinp4]. (18) 

Local NusseIt number is now determined from this 
expression to yield the following expression 

Nu(x+,#) = nj!$ 
I 

# + f (a,cosnr$-+b,sinn#) 
PI= 1 

4 J. 
+ S C a,oA~oe-A~O~’ 

n--I i’ 

I 
Rno(rt)rt dr* 

0 

x [un,, cos p$ + b,, sin ~$1 

4. SPECIAL EXAMPLES 

(19) 

As an illustrative case a cosine circumferential heat 
flux distribution of the form q(4) = qav( 1+ b cos #) is 
considered. Four special examples will be mentioned 

here. The interested reader may refer to Faghri [IO], 
for details of these solutions including tables of 
eigenvalues and eigenfunctions. 

Case 1. Letting .Y+ -+ a equation (19) reduces to 

the asymptotic solution which is identical to that 

presented by Reynolds [l]. 
Case 2. With xc finite and Pe + co (no axial con- 

duction) the Nusselt number expression reduces to the 
form given by Bhattacharya and Roy [6]. 

Case 3. For uni,form wall heat flux (b = 0) and Pe 
finite the results of this analysis are identical to those 
presented by Hsu [9]. 

Case 4. We now wish to investigate the simul- 
taneous effects of both circumferential wall heat flux 
variation and axial conduction. 

Solving for n,, b, and 4 us~ngequations (10) and (3d) 
and subsequently substituting into equations (18) and 
(19) the following results are obtained for wall tem- 
perature and for iOCd Nusselt numbers 

t, - t, 

q,, rdk 
-g+-. 4 i ~,,~,Zoe~‘~O” 

Pe2,,, 

1‘ 

I 
X R,,&-‘)r+ dr+ 

0 

+ 2 linORnO(l)e~~~o-~i 

II=1 

+bcosa, 1 + t a”J”,(l)e-~~~X+ 
I 

(20) 
II=, 

RnO@+)rC dr+ 

-0.6 b -I 

FIG. 2. First two eigenfunctions at Pe = 5, 10, 20, 30, 100; 
uniform wall heat flux (p = 0). 
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-0.6 I 1 I I I I I I I 

I+= L 
‘0 

FIG. 3. First two eigenfunctions at Pe = 5, 10, 20, 30, 100: 
p= I. 
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Table 1. Eigenvalues, eigenfunctions at tube wall, and ex- 
pansion coefficients for p = 1 and Peclet numbers 5,10,20,30, 

50 and 100 

” A 
Ill Rnl(‘! 

Pe = 5 

1 
2 

3 
4 

5 

6 

7 
8 

9 
10 

11 
12 

Pe = 10 
1 
2 

3 

4 
5 

6 

7 

8 
3 

10 
11 

12 

PC? = 20 
1 

2 

3 

4 
5 

6 
7 

8 
9 

10 
11 

12 

Pe = 30 

1 

2 

3 
4 

5 
6 

7 
8 

9 

10 
11 

12 

Pe = 50 
1 

2 
3 

4 

5 

6 
7 
8 

9 

10 

11 

12 

Pe = 100 
1 

2 
3 

4 
5 
6 
7 

8 
9 

10 

11 
12 

2.3395655 
4.4798990 
5.9496839 

7.1376609 

8.1589039 
9.0676209 

9.8940812 

10.6571099 

11.3693258 
12.0396638 

12.6747203 
I3.2795272 

.5034665 

-.1308452 

.0647956 
-.0401927 

0280160 

-:0209600 

.0164431 
-.0133464 

.0111140 
-.0094421 

.0081514 

-.0071304 

-1.5191623E+OO .2179911 
8.8401336E-01 .0005677 
-6.3939142E-01 .0038437 
4.9323282E-01 .0006991 

-3.99632378-01 .0006354 
3.3390404E-01 .0002561 

-2.8342888E-01 .0002107 
2.41489258-01 .0001153 

-2.0410134E-01 .0000951 
1.68404188-01 .0000608 

-1.31489868-01 .oooos~o 
8.80616SSE-02 .0000357 

2.6695425 .4696647 -1.5523524E+OO .2076048 
5.5982739 7.1309244 9.84363168-01 -.006575Y 
7.7140852 .0661968 -7.70649468-01 .0050551 
9.4470416 -.0409682 6.0857278E-01 .0000932 

10.9395496 .0284266 -4.90143038-01 .0007459 
12.2654614 -.0211918 4.0323442E-01 .OOOlS94 
13.4684788 .0165833 -3.36712128-01 .0002257 
14.5765360 -.0134362 2.8277229E-01 .0000897 
15.6085876 .0111745 -2.3618108E-01 .0000976 
16.5781218 -.0094844 1.9310344E-01 .0000515 
17.4951109 .0081820 -1.49878628-01 .oooos13 
18.3671596 -.0071s3i l.O043446E-01 .0000316 

2.8197826 .4536019 -1.5422761EtOO 

6.4672994 -.1283298 l.O061598E+OO 

9.3694705 .0677853 -8,6554199E-01 

11.8350853 -,0426121 7.4194318E-01 

13.9978558 .0295308 -6.25420098-01 

15.9351062 -.0218906 S.Z351322E-01 

lZ'.6980099 0170330 

-:0137356 

-4.37691878-01 
19.3224687 3.6507794E-01 
20.8344119 .0113810 -3.021686SE-01 
22.2530309 -.0096315 2.449744%-01 
23.5928677 .0082898 -1.89185068-01 
24.8651860 -.0072340 1.2758978E-01 

.2026325 
-.0123783 
.0071692 

-.0011056 
0011225 

-:0000750 
.0002976 
.0000280 
.0001146 
.0000300 
.0000560 
.0000225 

2.8545778 .4498334 
6.7747463 -.1263716 

10.1060500 .0678991 
13.0364491 -.0435948 

15.6603235 .0305244 
18.0423447 -.0226581 

20.2282494 .0175836 
22.2524521 -.0141264 
24.1416343 .0116617 

25.9167186 -.0098370 
27.5942514 .0084434 

29.1874493 -.0073511 

-1.5022573 
1.1175630 

-1.3334928 
1.5110602 

-1.5220368 
1.4107798 
-1.2503466 
1.0876408 
- .9429579 

.a214723 
- .?218267 

.6406117 

.2014624 
-.0142855 
.0083909 

-.0020467 
.0015572 

-.0003433 
.000412S 

-.0000504 
.0001471 
.oooao31 
.0000664 
.0000114 

2.8735619 .4477705 

6.9802511 -.1246824 

10.6992998 .0672620 

14.1388678 -.0440567 
17.3263081 .0315592 

20.2923130 -.0237911 
23.0652471 .0185858 

25.6690302 -.0149384 
28.1238534 .0122971 

30.4470629 -.0103296 
32.6536637 .0088263 

34.7566170 -.0076514 

-1.5009765 
1.0000705 
-1.1034367 
1.3498381 
-1.5751142 
1.6938552 
-1.6963028 
1.6138519 
-1.4854820 
1.3414231 
-1.2001143 
1.0707484 

.2008212 
-.015477s 
.0094188 

-.0031129 
.0022441 

-.0008407 
.0006903 

-.0002397 
.0002480 

-.0000694 
.0001041 

-.0000187 

2.8818326 .4468702 

7.0818961 -.1237271 
11.0437856 .0664633 

14.8831962 -.0437110 
18.6004398 .0317845 
22.1915814 -.0245038 

25.6562355 .0196010 

28.9973910 -.0160734 
32.2200108 .01342os 
35.3298632 -.0113665 
38.3328769 .0097447 
41.2348869 -.0084454 

-1.5003s15 

.9272440 

- .8656810 
.9498700 

-1.1274227 
1.3542831 
-1.5852410 
1.7819754 
-1.9201843 
1.991347s 
-1.9996337 
1.9567307 

.2005413 
-.0160374 
.0099990 
-.0038894 
.0029304 

-.0014884 
.001186.5 

-.0006439 
.OOOS328 

-.0002883 
.0002519 
-.0001313 

%l 
Rnlfr+)dr+ 
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0 30 60 90 120 150 

FIG. 4. Dimensionless wall temperature vs 4 for wall heat 
Rux variation given by ~(4) = q&l +cos 4); entrance region 

(.r” = 0.01). 

t 1 

, /-iilii:!.__-i 
0.01 0.1 

x 
r. Re Pr 

FIG. 5. Dimensionless wall temperature in entrance region at 
Pe = 5, 10.20.30, SO, 100; at location of maximum wall heat 

&lx (d, = 0); q(4) = y,,fl fCOS 4). 

The co&cients, &,e and ;2,,, are obtained using the 
least-squares procedures as previously discussed. The 
validity of the least-squares approximation, as related 
to this case, is demonstrated by Faghri [ 101. 

Values of ir,,, &,, and R,, have been presented by 
Hsu [9]; they are also given by Faghri [IO]. who 
evaluated &, using the least-squares technique. Vaiues 
of L,,, R,,r, and & are listed in Table 1 for a range in Pe 
between 5 and 100. Additional tables of computed 
values for p = 2 were evaluated by Faghri [lo]. 

Variations in the first two eigenfunctions are shown 
in Figs. 2 and 3 for several Peclet numbers. 

Nu 

IO 

I 

0.01 0.1 

Y 
r. Rc? Pr 

1.0 

FIG. 6. Nusselt, number variation in entrance region at PC 
= 5,10,20,30,50,100; at location of maximum wall heat flux 

cd, = 0); 414) = &,(I i-cosqh). 

Waving evaluated eigenvalues, eigenfunctions, and 
expansion coefficients we are now able to determine 
values for temperature and the Nusselt number at 
locations of interest. Figure 4 shows the wall tempera- 
ture variation as a function of circumferential position 
at SC = 0.01, which is illustrative of conditions in the 
entrance region. 

dimensionless wall temperature and Nusselt num- 
bers are illustrated in Figs. 5 and 6, respectively. In 
each figure the parameters are evaluated at d, = 0, 
where heat flux is maximum. 

The effect of axial conduction on heat transfer 
may be inferred from these figures. For values of Pe 
greater than 100 axial conduction is seen to be 
negligible. At Peclet numbers less than 100, heat 
transfer is it&termed sign~~cant~y by axial conduction 
effects within the thermal entry region, XI = 0.5. There 
is also a pronounced effect on circumferential tempera- 
ture distribution. 
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ANALYSE DU TRANSFERT THERMIQUE, COMPTE TENU DE LA CONDUCTION AXIALE 
DU FLUIDE- POUR UN ECOULEMENT LAMINAIRE DANS UN TUBE AVEC VARIATION 

CIRCONFERENTIELLE QUELCONQUE DU FLUX PARIETAL 

R&urn&On prkente la solution exacte du problkme du transfert thermique a I’entr&c d’un tube g section 
circulaire avec flux pariktal idistribution circonf&rentielle quelconque et en tenant compte de la conduction 
axiale dans le fluide. La solution est donnC sous la forme d’une s&rie puissance; les 12 premiires valeurs 
propres et fonctions propres sont obtenues numkriquement. La mkthode des moindres carrts est employ& 
pour dCterminer les coefficients du dheloppement en sirie pour le systtme non orthogonal. On donne 
un rbultat simple pour la variation du flux thermique selon 4 = 4 cIV (1 +cosfj), qui illustre I’influence 

simultank de la variation circonftrentielle du flux parittal et de la conduction axiale dans le fluide, sur le 
nombre de Nusselt. 

BERECHNUNG DES WARMEUBERGANGS BE1 LAMINARER 
ROHRSTROMUNG MIT DEFINIERTER VERANDERUNG DES 

WARMESTROMS AN DER WAND UNTER BERiiCKSICHTIGUNG 
DER W;iRMELEITUNG DES FLUIDS IN AXIALER RICHTUNG 

Zusammenfassung-Es wird eine Berechnung angegeben fiir die exakte LGsung des Problems des 
Wtimeiibergangs im thermischen Einlaufgebiet eines Kreisrohres mit definiertem Wtimestrom am 
Wandumfang, einschlieBlich des Effekts der Wtimeleitung des Fluids in axialer Richtung. Die LGsung 
wird in Form einer Potenzreihe dargestellt; die ersten 12 Eigenwerte und Eigenfunktionen wurden 
numerisch erhalten. Mit der Methode der kleinsten Fehlerquadrate werden die Koeffizienten der 
Reihenentwicklung fiir ein nicht-orthogonales System bestimmt. Es wird eine einfache Gleichung fti 
die Vertiderung des Wtimestroms in der Form 4 = q,,t,( 1 + cos 8) angegeben, welche den gleichzeitigen 
EinfluR der Verinderung des Wtimestroms am Wandumfang und der axialen WIrmeleitung in der 

Fliissigkeit auf die Wandtemperatur und die NuBelt-Zahl beschreibt. 

MCCJIEHOBAHHE TEI-IJIOO6MEHA ITPIl JIAMI,iHAPHOM TEYEHMM B TPYEjE 
B CJIYYAE IIPOM3BOJIbHOTO I13MEHEHMII I-IO OKPYKHOCTM TPYBbI 
TEIIJIOBOFO nOTOKA HA CTEHKE C YYETOM TEI’IJIOI-IPOBO~HOCTLl 

XPIHKOCTM HA OCM 

boTaaa - AHanasupyerca ToYHoe pemeHue 3aflaYH nepeHoca Tenna B HayanbHoM yyacTKe 
KpyrJlOZi Tpy6br npU npOEi3BOnbHOM U3MeHeHkiU n0 OKpyxHOCTII TenJIOBOrO nOTOKa Ha CTeHKe 

C yYeTOM BJIURHHR OCeBOfi TenJIOl-lpOBO~HOCTU mHAKOCTH. PeUIeHkie npenCTaBJleH0 B BHAe CTeneH- 

HOrO pnaa; YHcneHHo nonyYeHbr nepBbre 12 CO6CTBeHHbIX 3Hasemib li [~)YHKuP~~. Ann 0npeneneHan 

KO3+jHWieHTOB pa3nOXCeHHS HeOpTOrOHaJlbHOii CACTeMbI UCIlOJIb30BaJICR MeTOA HiUiMCHbUIAX 

KBaApaTOB. ki3MeHeHHe TeIlJIOBOrO IIOTOKa ITpeACTaBJIeHO B BHAC EIPOCTOI’O OTHOUIeHkiR 

4 = q,.(l + COS I$,, KOTOpOf2 y’illTbIBaeT OAHOBpeMeHHOC BJIHRHkie H3MeHeHAII II0 OKpymHOCT&i 

TU-IJIOBOIYO IlOTOKa Ha CTCHKe U OCCBOi? TCIIJIOIIPOBOAHOCTH XWAKOCTU Ha TCMIIepaTypy CTeHKEi 

H YAcnO HyCCenbTa. 


